Abstract. Let D be an integral domain with quotient field K, Λ a nonempty set of height-one maximal t-ideals of D, F(Λ) = {I ⊆ D| I is an ideal of D such that I P for all P ∈ Λ}, and D F (Λ) = {x ∈ K|xA ⊆ D for some A ∈ F (Λ)}. In this paper, we prove that if each P ∈ Λ is the radical of a finite type v-ideal (resp., a principal ideal), then D F (Λ) is a weakly Krull domain (resp., generalized weakly factorial domain) if and only if the intersection D F (Λ) = ∩ P ∈Λ D P has finite character, if and only if F(Λ) is a t-splitting set of ideals, if and only if F(Λ) is v-finite.
Introduction
Throughout this paper D will be an integral domain with quotient field K and an ideal means an integral ideal. A nonempty set S of ideals of D is said to be multiplicative if S is multiplicatively closed, i.e., if A, B ∈ S implies AB ∈ S. Let S be a multiplicative set of ideals of D. The following overring of D D S = {x ∈ K|xA ⊆ D for some A ∈ S} is called the S-transform of D or the generalized ring of fractions of D with respect to S (cf. [5] ). Let Sat(S) be the set of ideals C of D such that A ⊆ C for some A ∈ S and S ⊥ = {B ⊆ D| B is an ideal of D such that (B + J) t = D for all J ∈ S}. If S = Sat(S), then S is called saturated. We say that S is finitely generated if every ideal I ∈ S contains a finitely generated ideal which is still in S, while S is v-finite if each t-ideal A ∈ Sat(S) contains a finitely generated ideal J such that J v ∈ Sat(S). Clearly, each finitely generated multiplicative set of ideals is v-finite, but the converse does not hold (see [11, p.124] ). If Λ is a nonempty set of nonzero prime ideals of D, we define F(Λ) = {A ⊆ D|A is an ideal of D such that A P for all P ∈ Λ}.
Then F(Λ), called a spectral localizing system, is a saturated multiplicative set of ideals of D and D F (Λ) = ∩ P ∈Λ D P [10, Proposition 5.1.4] . If P is a prime ideal of D, we denote F({P }) by F(P ). It is obvious that F(Λ) = ∩ P ∈Λ F(P ).
A multiplicative subset N of D is called a t-splitting set if for each 0 = d ∈ D, we have dD = (AB) t for some integral ideals A and B of D, where A t ∩ sD = sA t for all s ∈ N and B t ∩ N = ∅ (see [1, 7] ). Anderson-Anderson-Zafrullah introduced the concept of t-splitting sets and proved that the ring D+XD N [X] is a PVMD if and only if D is a PVMD and N is a t-splitting set [1, Theorem 2.5].
(Recall that D is a Prüfer v-multiplication domain (PVMD) if each nonzero finitely generated ideal of D is t-invertible.) Chang-Dumitrescu-Zafrullah further studied t-splitting sets [7] and extended the notion of t-splitting sets to multiplicative sets of ideals as follows [8] ; S is a t-splitting set of ideals if every nonzero principal ideal dD of D can be written as dD = (AB) t with A ∈ Sat(S) and B ∈ S ⊥ . Clearly, if S is a t-splitting set of ideals, then S ⊥ is also a tsplitting set of ideals [8, Proposition 2] . It is proved that S is a t-splitting set of ideals if and only if S is v-finite and dD S ∩ D is t-invertible for each 0 = d ∈ D [8, Proposition 5] . Also, a multiplicative subset N of D is a t-splitting set if and only if N = {sD|s ∈ N } is a t-splitting set of ideals (cf. [1, Corollary 2.3] ).
Let Λ be a nonempty set of height-one maximal t-ideals of D. The purpose of this paper is to study when F(Λ) is a t-splitting set of ideals. In particular, we show that if each P ∈ Λ is the radical of a finite type v-ideal (resp., principal ideal), then D F (Λ) is a weakly Krull domain (resp., generalized weakly factorial domain) if and only if the intersection D F(Λ) = ∩ P ∈Λ D P has finite character, if and only if ∩ n P 1 · · · P n = (0) for each infinite sequence (P n ) of distinct elements of Λ, if and only if F(Λ) is a t-splitting set of ideals, if and only if
if and only if F(Λ) is finitely generated, if and only if F(Λ) is v-finite.
We first review some notation and definitions. Let F(D) be the set of nonzero fractional ideals of D.
, and I t = ∪{J v |J ⊆ I is a nonzero finitely generated fractional ideal of D}. Obviously, if I ∈ F (D) is finitely generated, then 
⊥ is a saturated multiplicative set of ideals. Also, Sat(S) is a saturated multiplicative set of ideals. It is known that
A nonempty family F of ideals of D is called a localizing system if
It can be easily shown that a localizing system is a saturated multiplicative set of ideals [10, Proposition 5. 
Weakly Krull domains
Let R be a commutative ring with identity, and let I be an ideal of R. Then there exist only a finite number of prime ideals of R minimal over I under one of the following conditions; 
Lemma 2.2. Let Λ be a nonempty subset of t-Max(D) and
. If P ∈ Λ, then P ∈ F (Λ) (note that each prime ideal in Λ has height-one), and since
This contradiction shows that P ∈ Λ, and thus (
By assumption, the number of prime ideals in Λ containing d is finite, say
We first show that each A i , and hence A, is t-invertible. Note that since each P i is of height-one, dD Pi is P i D Pi -primary, and hence A i is P i -primary. Also, note that A i is t-locally principal since P i is a maximal t-ideal. Hence it suffices to show that each A i is of finite type [15, Corollary 2.7] . Let I i be a finitely generated ideal of D such that (I i ) t = P i . Since I i is finitely generated, there is a positive integer m such that 
We next show that A ∈ F(Λ)

⊥ and B ∈ F(Λ), which means that F(Λ) is a t-splitting set of ideals. Note that each
Hence A ∈ F(Λ) ⊥ . Next, assume that B ∈ F(Λ). Then B ⊆ P for some P ∈ Λ, and since d ∈ B, we have d ∈ P ; hence P = P i for some i. (
a contradiction. Thus B ∈ F(Λ). (4) ⇒ (5) Let Σ = t-Max(D) \ Λ. Then F(Λ) ⊥ = F(Σ) by Lemma 2.2(1), and hence t-Max(D) ∩ F(Λ)
Proof. 
If D is of t-finite character, then F(Λ) is a t-splitting set of ideals.
Proof. First, note that F(Λ) is finitely generated [11, Proposition 1.17]. Next, let P ∈ Λ, and choose a nonzero element x ∈ P . Since D is of t-finite character, there are only finitely many maximal t-ideals of D containing x. So we can choose an y ∈ P such that P = (x, y) since htP = 1 (cf. 
(1) D is a weakly Krull domain. (2) F(Λ) is t-splitting for every nonempty subset Λ of prime t-ideals of D. (3) t-dim(D) = 1 and F(Λ) is finitely generated for every nonempty subset Λ of prime t-ideals of D.
Proof. (1) D is a weakly Krull domain.
is t-splitting for every nonempty subset Λ of prime t-ideals of D.
Generalized weakly factorial domains
A nonzero element x ∈ D is said to be primary if xD is a primary ideal, while D is called a generalized weakly factorial domain (GWFD) if each nonzero prime ideal of D contains a primary element (see [4] ). This concept is a generalization of the well-known property of a UFD; D is a UFD if and only if each nonzero prime ideal of D contains a principal prime [16, Theorem 5] . It is known that D is a GWFD if and only if t-dim(D) = 1 and for each P ∈ X 1 (D), P = √ aD for some a ∈ D [4, Theorem 2.2]; so a GWFD is a weakly Krull domain. We next give the GWFD analog of Theorem 2.3. To do this, we need a lemma.
Lemma 3.1. Let Λ be a nonempty set of maximal t-ideals of D, and let P ∈ Λ.
Proof. First, recall that aD is P -primary [4, Lemma 2.1] and (aD) [11, p.120] for the first equality).
Then there is an I ∈ F(Λ) such that bI ⊆ D; so abI ⊆ aD. Since I ∈ F(Λ) and P ∈ Λ, we have I P , and since aD is P -primary, ab ∈ aD and b ∈ D. Hence aD F (Λ) ∩ D ⊆ aD, and thus
Since y ∈ P F (Λ) and J P = P F (Λ) ∩D, we have yJ P , and thus xI ⊆ aD; so 
